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ABSTRACT

The electromagnetic field of an oscillating magnetic dipole
is calculated, assuming that the dipole is immersed in a cold
streaming plasma. The amplitude of the magnetic dipole moment,
assumed known, is taken to be sufficiently weak that the line-
arized cold plasma equations may be used to describe the response
of the plasma.

The resulting field of the dipole is rather different from
the field that would result if the plasma were not streaming.
In particular, a longitudinal electrostatic field appears as a
consequence of the plasma's motion. The far field of the dipole
is such that the Poynting vector is not purely radial, but is
tilted against the direction of the zeroth order plasma flow.

The net outward flow of mechanical energy is negligible
forvstreaming velocities small compared with the velocity
of light. The force necessary to hold the dipole in place is
calculated. This force vanishes when the dipole axis is parallel
to the streaming direction, as does the longitudinal electric

field.
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One interesting non-radiating case which‘is also treated
(for a non-streaming plasma) is the case when the oscillation
frequengy of the dipole is much less than both the plasma fre-
quencies and the collision frequencies. The characteristic
penetration length of the field into the plasma is then given

by the classical "skin-depth" formula.
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I. INTRODUCTION

Electromagnetic fields produced by given time-varying
current and charge distributions in free space have been the
subjects of many calculations, almost from the beginning of
electromagnetic theory. Many problems of current interest are
complicated by the fact that the fields may be interacting
with a plasma or ionized gas. Several problems have been
solved in various approximations in recent years for given
distributions of charge and current in the presence of a plasma
[see, for example, Cohen (1961,62)]. But many gaps remain in
our qualitative understanding of the fields to be expected in
particular types of plasma situations.

In particular, effects associated with plasma streaming
have been investigated relatively little. The calculations
which have been done have, to a considerable extent, been con-
cerned with plasmas which, to lowest order, are assumed to be
stationary. It is to be expected that some insight into the
effects of plasma streaming can be gained by seeking specific
solvable problems concerned with radiation into streaming plas-

mas.



The problem studied in this dissertation is that of the
effect of a cold, streaming plasma on the electric and magnetic
fields of an oscillating magnetic point dipole. The plasma is
unbounded, and streams across the dipole in an arbitrary direc-
tion with respect to the dipole's orientation. We assume that
the fields of the dipole are sufficiently weak that they impart
only a small perturbation to the streaming motion of the plasma.
We also assume that the physical dimensions of the dipole are
so small that it does not mechanically obstruct the plasma
flow; i.e., we idealize the dipole as a point.

Lee and Papas (1965) have considered a similar problem
for the oscillating electric dipole. After obtaining an inte-
gral representation for the potential four-vector in the rest
frame of the dipole, they use the transformation properties of
the plasma's dielectric constant to formulate the appropriate
Green's function. TFor streaming velocities small compared
with the velocity of light, they conclude that the far zone
electromagnetic field is not entirely transverse. As a result,
they show that the Poynting vector associated with the electro-

magnetic dipole is tilted against the direction of plasma flow.



We find qualitatively similar results for the oscillating
magnetic dipole, although our results differ considerably in
detail. Moreover, we approach the problem from a different point-
of-view: through the formalism of a set of linearized, covari-
ant cold plasma equations. These equations contain an equation
of continuity and an equation of motion, with temperature
neglected, to describe the dynamical properties of the plasma,
while Maxwell's equations govern the behavior of the electric
and magnetic fields. We treat the magnetic dipole as a small,
"external" current source in the sense proposed (for example)
by Cohen (1961). That is, we represent the dipole by
a miniature current loop which weakly perturbs the streaming
plasma. We assume that we may prescribe the current in the
dipole at will. The physical reason for the difference between
our results and those of Lee and Papas is that their electric
dipole possesses, in effect, an oscillating source charge
density, whereas our magnetic dipole is a pure divergenceless
current source.

In the framework given above, the statement of the pro-
blem is relatively straightforward. Yet, the practical diffi-
culties involved in evaluating the formal expressions obtained

are far from trivial.



II. THE MAGNETIC DIPOLE

2.1 Statement of the Problem

A cold, collisionless plasma streams across a circular
loop of oscillating current (Figure 1). The orientation of
the flow vector ;o relative to the plane of the loop is arbi-
trary. We treat the loop as an externally-fixed current source
which is unaffected by the plasma. Later, we shall allow the
area of the current loop to become vanishingly small and its
current to become infinitely large in such a way that we recover
a point magnetic dipole.

The current source generates disturbances in the plasma.
However, we assume that the source is sufficiently weak and
that the disturbances are sufficiently small that linearized
cold plasma equations are applicable. We seek analytical
expressions for the electric and magnetic fields of the oscil-
lating current loop in the presence of a streaming plasma. This
is a relatively simple problem in the absence of a plasma or,
for that matter, in the presence of a stationary plasma. But
intuition is an unreliable gulde to a picture of the fields when

the dipole is immersed in a streaming plasma.



2.2 Bolution in Wave-Vector, Frequency Space when

Jsource|l (k’w) =0

We begin with a set of cold plasma equations for the ith

species of plasma particle:
Equation of Continuity

ani .
‘aT + v (nivl) =0

Equation of Motion

I S T R L S
3T tvs Vv, o= v [E + = (vix B) - 5~ E]
ifi c
Maxwell Eduations
g . 128
VX E = c 3t
- b o 1 JF
VXB—TJ'FEa—t
B = bno

(1a)



v- B = o . (1f)

The equation of continuity and Maxwell's equations are covariant.
The equation of motion is not covariant, although it is correct
up to terms of O(v]%f/cu)J and can be derived from the covariant
equation of motion by neglecting fourth order terms in \—c’i
(Appendix A). In the equations above, n, and \_r'i are the number

density and velocity, respectively, of the ith species of charge,

while

We have neglected a pressure term in the equation of motion, assum-
ing that the plasma thermal velocities are approximately zero. The
current density 3 in equation (1d) is the sum of two parts: an

internal plasma current density

and an "external" source current demsity :j”s, which we will later

specify to be that of an oscillating current loop.



Equations (1) are nonlinear; they have not been generally
solved. However, we may linearize the equations and obtain a
perturbation-theoretic solution about a uniform equilibrium in
which the electric and magnetic fields are zero. Since there
are no zeroth order electric or magnetic fields in the plasma,

1)

we set E = E( and B = §(l), where the superscript (1) signifies

a first-order perturbation. Similarly, if ng is the equilibrium
i
number density of the ith plasma component and if ;6 is the unper-

turbed streaming velocity common to all components, we may set

n = n + n
1 0. 1
1
- — — l
v, = V + v.( ) s
1 o) 1

where ng is measured in the rest frame of the streaming plasma.
i
With these substitutions, the cold plasma equations, linearized

in the first order perturbations, become

(1)
an,
St—l_— + no\ V-vi(l) + vO . Vni(l) = 0 (2a)



3-(1) -

V. e, VR
aTl 47 -9y, (M) o4 |:E’(l)+l 7 x 81 - - E'(l)] (2p)

o) i ms g c o o

z(1)
v x g .12k (2¢)
=(1)

O (20

where the current density is now
=(1) _ = (1) (1) = 3
3 = ? e; |nvy + n, v + J., (3)

the sum of the source current and linearized plasma current densi-

ties. We assume that ¥ no ei = 0, i.e. that there is no zeroth-
i 7i
order charge density in the plasma. Also, since Vo is the velocity

of all plasma components, there is no zeroth order current density.
Since the differential equations (2) have constant coef-

1) 3@ Q)

ficients and are linear in the unknowns ng s, V.

5 , and
z(1)

, we may solve them by Fourier transforming in X and t. The
Fourier transform of a typical function f(x,t) is

f(k,0) = ?2—1—;& [ ax Jat f(})t)e-i(f{.i - wt)



and a system of differential equations goes over into a system of
algebraic equations for the transforms, with g% - =~iw and

v - ik (E is the wave vector and w is the wave frequency for the
K,w th Fourier component).

The PFourier transformed Maxwell equations may be combined

(as in Appendeix B) to yield the wave equation

(w2- c2k2) E(l)+ ® K . E(l)z -bm iw S e, |n V.(l) + n.(l) v
; 1]od i S

- bmie g, (1)
where we have used equation (3) for the current density. We may

couple the plasma dynamics into the wave equation by solving the

Fourier transformed equation of continuity and egquation of motion

for n(l) and V(l) in terms of §<l). The result is
=(1) °1i = kY w VoV =(1)
Vy ‘= - - 1l + —— - ——— E (5a)
1 - — 2 — —
miYOlej w_k.vo c (w_k.vo)
o, %1 - kv paii:

PRGN k Fe—o  _“Y%% § a0)

i —0.—-0 - = 2 — —

sy (iw) (w-k Vo) (w—k-Vb) c w—k-vo)



We derive equations (5a) and (5b) in Appendix A. _However, it is
v

worth emphasizing here that we have retained the ?? X §(l)

term in the equation of motion and have eliminated §(l) by using

equation (2c). The result of substituting equations (5) into

the wave equation (4) is

= - bn iw 3 (6)

We wish to solve equation (6) for ﬁ(l)GQ,w); we outline

below a procedure for accomplishing the solution.

1) Resolve equation (6) into components which are trans-

verse (1) and parallel (ll ) to the wave vector K. One of these

components will contain only js . The ofher will contain only

3

1

5. which will turn out to be zero for the magnetic dipole.
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2(1)

1 as a func-

2) Solve the transverse component for \—;0 .
tion of ﬁ"(l) .

(1)

3) Solve the parallel component for E“ in terms of

-
v

= (1
o.EL()'

4) Solve simultaneously for ;0 . ﬁl(l) and f”(l) and

then solve the transverse component for E'J_(l).

The results for 35 = 0 are
0
2 —_ — —_
ru (J - ) 7
. . P S o} ¢}
(1), w - 1
E( )(k,w)=-— Yy i 3 _ 1 4 L (7)
1 2%2 SJ_ 2 > 2
w2-c2k2- b 1 Y ? (w-%-v ) - 2=
Y o o] 3
o Y
o
K-V
Similz w 1-2 e ' x—rﬂ
7 (l)G{ W = 1 02 k2 51 Oi (8)
] 4 zwp2 2 pr2-T
vy |ofc®k? - LB (g7 )% - L2
Yo © Y 3
O

We derive these equations in Appendix C, by implementing the pro-

cedure outlined above.
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2.3. The Current Transform Jsourcel (k,w) for

.the Magnetic Dipole

At this point in the development, we require an explicit
expression for the Fourier transform of the current loop (Figure 1).

In Appendix D we show that for a time dependence cos ubt

where wo is the externally-maintained driving frequency. By defini-

tion, Eg is a vector normal to the plane of the current loop with

magnitude
2
- _ lim m JO%D
Kol = J - o c ’
o
aoqo
2
J a_ = constant
o0

where Jo is the magnitude of the source current and ab is the radius
of the loop. The current transform (9) for the magnetic dipole is

purely transverse to the wave vector K.
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¥l
2.4 The Electric Field When << 1

Equations (7) and (8) give the transverse and longitudinal
components of the electric field in (K,w) space. The inverse
transforms of these equations specify the electric field vector

in (X,t) space. The inverse transform of a function f(k,w) is

£(Z,6) = [ do [ & £(E, o) AKX - wt)
Therefore, using (7) and (8), we have
i(K-x - wt)
—_ l - . —
8,V ) [ag [ & & sa
Zw
2. A2 ik
Yo

I (10)
S1 B z u?
y 02 ((D"E ‘—; ) 2 _ i pi
0
o L y 3



2
z
(1) (i b,
B, (Ft) = -(bm)
Y
o}
RN KV
el(k-x-w‘t) 1- L 0 5' =
C2 k2 s, o
J dw [ dk > 5
bN ub 2 ub
2 i - i
w =-Cck -1 1 (w-k.v )2_ 1 1
Yo o v
o)
(11)

In principle, these relations solve the problem, for we may inte-
grate over K and w to recover the electric field in X and t. 1In

practice, the integration is difficult due to the factor

2
L2 iy
(0 - kev) - ER

Yo

in the denominator. Separating the denominator intc partial frac-

tions circumvents this difficulty for small streaming velocities

Vo ‘
P << 1) . Let

14
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1
2 2
pr z W
2 22 i Pi 2 wmyp i Pi
RN (& - 7P
o 3
Yo Y,
_ Mk + N + Pk + Q
B 2 2
2 22 T %, 2w
I W | i (w-l—i";;)2-l i (12)
Y o 3
o A
We show in Appendix E that
2w(k-\7o)
Mk = =— =2
Z Y
w2-1 i D
N 3
Yo
- 2 2
W v2 pr
2 i Py 0 2 2 i P
o - 3 + ) cosT A e -
- Yo Yo
Noo= 2 =2
pr
2 i i
- D
@ 3
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where
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<

We may expand the denominator D for small 2-9 (\/O ~ 1),

. - - - 03
provided we restrict ourselves to velocities v, and frequencies

@ such that the term

is sufficiently small. That is, we exclude those frequencies
. 2) 1/2

within some small range (% ¢, say) of ( u)p . If we per-

i i

form the suggested expansion and disregard all terms of order

2
v
('(':'Q) and above, the coefficients P and Q in (12) vanish and

we have

1
2
oy :
w2 _ C2k2 _i i (o - 1—{-.‘—;0)2 _ 1_\_(__3:}__

14



But equation (11) and the "distortion" term in equation (10) are
v
already at least of order 39 . Therefore, if we again disregard

v
terms of order (Eg) , we find that

EM 0) = - (i) [ aw [ o (13)
2
22T %,

Pd 1(E.-}_() - ujt) - . —

k e (JSL vo)
2 2

2 I 2 22 Tw
(‘” e %i) w -ck Py
(14)
v
which are correct up to terms of order (Eg' . The transverse

field (Eq. 13) is the same as the zero-streaming limit, but the
longitudinal field (Eq. 14) is new. Using (9) for the current
transform and removing the K operators from the integrand

(k - -iv), we may write (13) and (14) as

18
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Eg I do I ak 2
2 1 2 2
[k -T2 (w i ubl ]
c
(15)

5 2

E'u(l)(;g t) = iu 21
ﬂ
Vo ~ . [6(0)—(1)0) + G(U.H‘wo)]ei(k.x_wt)

v = v x| &, [aw JaK

2T w? 2 1 [es o2
i Py 2 w-7 Py

(16)

The transverse electric field is undistorted for small streaming
velocities; one would obtain the same expression for an oscillating

magnetic dipole in a stationary plasma. On the other hand, the



longitudinal electric field is directly proportional to the plasma's
streaming velocity \70 5 E"(l) vanishes when \_/’O = 0. This is
despite the fact that the source current is purely transverse.

We now perform the K and w integrations (Appendix F). The

results, for 5 1/2
=
>
‘”ol = i ¥ €| ’
are
® N
—_ l — —
5@ = 29 « l—_,— sin (2| %] - w®)} D)
d
Z 2 — -
L (1) - i Y v, cos (al x‘ -w t)
E, (x,t) = 5 v T VX By =
2_ oW l Xl
(wo i pi)
(18)
2 -1
w g wp_ 2
where a= = |1-232—1-
c 2 .
%
1
5 2\ 2
For |3 ‘”pl - el > o > 0 , the fields are




. ol ki
= (1),- 0 Ko .
El( )(x,t) = (E_ v X —|—_1— sin wt (19)
X
= w2 -b l§|
(1) = i cos wot Vo b, e
E (x,t) = -~ 9{d— -+ 7 X ———— R
n ’ 5 2 P c Izl
- W
(i ubi °
(20)
1 1
21 2 2
z gp 2
i Pi Yo
where b = 1l - .
c z
i Py

Our results thus far are independent of coordinates. We
now choose the coordinate configuration in Figure 2. Let the y
axis of an (xyz) Cartesian system point in the direction of the
streaming velocity ;;; the xz plane is normal to the direction
of flow. We place the dipole at the origin of the coordinate
system and let the plasma stream past. The polar angle em’

measured from the z axis, and the azimuthal angle G measured

21



from the x axis, define the angular orientation of the dipole. The
spherical coordinates (r,e,@) specify the position of an observer
relative to the origin. In terms of the parameters and coordinates

defined above, the components of the transverse electric field,

2y 1/2
for ubl > (E Qpi) , are
E,, =0
E = e sin 6_ sin ( ) - COS(ar-ubt) _ sin (ar—ubt)
-L9 = - c m CP-(Pm T r2
Ho% . .
Elcp = ( S ) [(sing cos@ - cos sin® cos (o - ¢h)]
a cos(ar - ubt) ] sin (ar - ubt)
T 2
T

(21)
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23

x
5 w2 2
e S . b 1 .
E_Le = -( o ) e sin Gm sin ((p—(pm) ;+F sin wot
Ho% -br . .
Elw = (—7;—) e [ sing cosem- cos@ s:Lnem cos(¢r¢h)]-
b 1 .
[; + ;é] sin ubt . (22)

-
fou
[¢1]
Q

omponents of the longitudinal electric field, for

T
1/2
o w2
u)o > i pi , are




u -
“r - 2

a® cos(ar—wot) 2a sin(ar-wot) 2 cos(ar-wot)

T I‘2 I’3

v
) - .
) (?) [sing cosg cosem - cosH 81n9mcoscpm] .

2L

2
E"e = 21 (—) [cosh cosgp cose + sin® 51ne cosy, 1
(w Zw )
i DPs
a sin(ar-w t) cos(ar-w t)
—— * >
r r3
2
bo (E wpl) Yo
jo = - — sing cosH
P 2 2 c m
w. =X W
° i P
a sin(ar-@ t) cos(ar-w_t)
(o) 0
5 + 3 . (23)

r r
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w l > 0, the components of E“ are

2
o] e
Ey, = > 5 ~ [sing cosg cosg - cos@ sing coscpm] .
Two - w
1 pi o
2
e-br b .2, 2 cos wt
r 2 3 (o}
r r
2
Yo }J'?wpi) Yo
Eug = - 5 5y (o] [cosé cosg cosf + sing sing cosq ] -
Zw -w
i Py
-br] b 1
e —5 + —'§ cos (_uot
r r
2
ulZ w
0(1 1] v r o 1
E, = —| (sing cosg_)e — + —=|{cos wt.
.CP 2 2 3 O
Zw -w?l r r
i Py ©

(2k)
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2.5 The Magnetic Field B(X,t) when ngl <<1

We use the Maxwell equation

o =(1)
v x B o 13B
¢ 3t

to find the magnetic field §(l) in the plasma; there is, of
course, no magnetic field associated with E“(l), which 1is

derivable from an electrostatic potential. The results, for

2
w > Zw , are
B, = 2u [cosB cosg + sing sing cos(p - qh)] .
a sin (ar-g t) cos(ar-wot)
T+ 3
r r
Be T [ sing cosg - cos sing cos(¢~¢h)] .
a® cos(ar-ubt) a sin(ar-ubt) cos(ar-ubt)
r e 3
2 .
a cos(ar-wot) a 51n(ar—wot)
BCP = -u sing 51n(@-¢h) = - 7

cos(ar—wot)

3

r

26
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1
s 0 2 2
For i P >l o) > o,
_ -br | b 1 . .
B, = 2ue 2 + —r3 [cose cosg  + sing sing cos(cp-gpm)]cos w b
-br b2 b 1
= = = 4 = i - i
Be be = 2" 33 [81necosem cosemnemcos(cp-cpm)]cos wot
or|vd b 1
B‘P = ne =t ;E + S [sin g, sin (o - gom)] cos wt « (26)

w, | > O, the electric and magnetic fields

1

T
When (i %l) >
are exponentially damped in space and the transverse electric and

magnetic fields are 90° out of phase with each other in time.



ITI. INTERPRETATION OF THE SOLUTION

3.1 Field Distortion: The Longitudinal Electric Field

Equations (21) through (26) specify the electric and
magnetic fields which an oscillating magnetic dipole induces
in a streaming plasma. The equations hold for arbitrary
orientations of Eo with respect to ;6, subject to the restric-
tion that ;9 << 1.

Some observations are in order. First (and this is
perhaps the most interesting result of our study), it is
apparent that an oscillating magnetic dipole, in the presence
of a streaming plasma, excites a longitudinal electric field
which vanishes when Vg = 0., The longitudinal electric field

is coupled with the transverse electromagnetic field and both

fields oscillate at the driving frequency of the current source.

Yet, the source producing the longitudinal electric field is
purely transverse, Second, it is clear that for é? << 1
the transverse electric and magnetic fields are essentially
undistorted by the streaming plasma. Mathematically, this
results from the fact that 3‘5 (K, w) for the magnetic dipole

is purely transverse. For the electric dipole, on the other

28



hand, 3S(E,w) has both a perpendicular and a parallel component.

The development in Appendix C predicts that when 3 is non-

n v
zero, the transverse electric field will sustain an order ??
distortion. The results of Lee and Papas (1965) confirm this
prediction. Finally, we note that for ji_ il v, (gn= q, = 90°
in equations 21 through 26), there is no longitudinal electric

field; an E only exists when | has a non-zero component per-
(/] u’o

pendicular to the streaming velocity ;o'

3.2 Power Flow: The Skewed Poynting Vector

At great distances from the dipole, only the order %
terms in the electric and magnetic field equations are signi-
ficant. We find that the existence -- or perhaps we should say
the survival -- of a longitudinal electric field component at

large r skews the Poynting vector,

away from the radial orientation that it would have in a purely

transverse electromagnetic field. Using equations (21), (23),

—

and (25) for Eo t v and

wf>1|Z u)2 , we calculate
°© i Py

29



2

"
0 Y 3 . 2 2
S, = ——s W n sin” 6 cos” (ar-w t)
¥ Yy 3r2 ( °c a ) o

n
|

2
b (V )
. _ O 0 2 2 .2 2
== = || (wn) (Z sin~ 6 cos cos“(ar-@ t
¢ Yy SRR ca i ubi ’ © L

where n = 1l -

The radial component of S is the same as it is in a stationary
plasma; the azimuthal component of g is dependent on Vo and
points in the "upstream" direction (Figure 3). Lee and Papas
find a similar result for the electric di

vector is tilted against the direction of flow.

3.3 Power Balance: Mechanical Energy Transmission

Field [1956] has derived a generalization of Poynting's

theorem for a hot, non-streaming plasma. He shows that for

non-zero thermal velocities there may be a flux of mechanical
energy -- in addition to the flux of electromagnetic energy --
across a surface enclosing the source. We derive below an

expression for the total energy flux in a cold, streaming plasma.

30
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In order to do this, we return to the cold plasma equations
of Section 2.2. Using the two Maxwell curl equations, we may

eagily show that

= c =\ . . 1 2 2
where § = 1= (E x B) is the Poynting vector; v = ford (E°+ BY)
is the electromagnetic energy density; Es is the external source
current density; and 3 = Ye. n, V. is the internal plasma
P 1711
current density. Next, we use the equation of motion (with Yi= 1)
and the equation of continuity to express [T e Ty ;i . F as
i
the divergence of a mechanical power flow plus the time derivative
of a mechanical energy density. The dot product of the momentum

density, miniVi, and the force equation for the ith species is

31

— 3 — - — — — —
nmv. - —— V. + mn.v. * (v, * v, = e,n,v, - & 28
ii'i at i 17i°i ( i v) i 111 ? ( )
—
vy R
. b d
since v, - vy X B = 0.



Consider the second term in equation (28). Using
appropriate vector identities, we find that
n, V.« (%. - 9% = = n ¥, - v (v.0)
i1 i i 2 i i 1
1 2y = 2 -
= 3¢v: v, vl - v;" v - (n;¥)]
But by the equation of continuity
on.
- 1
ve (Vi) = - 55
Therefore,
m.n,v, - (V.* 9)Vv. = - v [(nv 2)? ] +v Efi
i'i i 2 i i'i i i ot

Now, consider the first term in equation (28):

V.
SU\ S S YN
mnve s o3 < 3 M43 (myvil oY

32

(29)

(30)
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on.
The vi2 ?ﬁ% terms in (29) and (30) cancel. Consequently,

. _ 3 1 2 1 2,
J = E s [2 nm,v. ] + v. [( nm.v, ) vi]

and the Poynting's theorem appropriate to a cold, streaming

plasma is

(% nym.v 2)?&] P v+ T (i n.m.v.2)] =-E- 7 (31)

v.l[s+ i dt PR U R 1 s

e

We will neglect the time derivative of the energy density in
this equation; for sinusoidal oscillations, its time average is
Zero.

Equation (31) suggests the possibility that mechanical
energy transmission may be assoclated with the longitudinal
electric field. Let us examine this idea. First, we enclose
the dipole within a large sphere of radius r and form the
volume integral of equation (31) -- without the energy density

term.
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Using the divergence theorem for the integral on the left, we

find that
A - l 2 - - - 3 = =
ﬁ‘ dan - [8 + E (2 ngmv, ) vi] = L a’x (E . JS) (32)

where the volume integral on the right is the external power

input. The surface integral is equivalent to

1 2 -
ﬁ‘ da [Sr + 5 <§ n.m.v, ) vir] (33)

since the unit vector 2 is parallel to 2.

(1)

. 0 g g -
In our linearized version of the problem, Ve =V + v,

o} 1
{1\
+n, ) v
1

and n; =n . We may calculate both vi\L/(E,t) and

o,
i
ni(l) (X,t) with the results of Section II. For Eo + v, and
1
2\ 2
w > zw
© {i pi) ’
(1), .\ ~ i [He% ) .
vy (x,t) = - — 5 sin (ar-wot) .
il \e" r

v .
sin o [(?O) cos (J . [na] {5

(Vi(l)) - ("i(l) : (34)
®
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. n e, v e w :
n.(l) (X,t) = - (_9_3) (_2)(_2)(.42 na) £1n6cosq sin(ar-g t)
i me c C2 c r o]

where we have retained only those terms of order (%) in dis-
tance.

When we linearize the mechanical power part of (33) and
use (34) and (35) for the first order perturbations, we find
that the only terms which survive the surface integration, as

r becomes infinitely large, are

1 , (1) (1)
2 T ojen, m,-("o Vi ) i ’
i P r

-
™

and

-

He M
S
=]
gy
S
=

He

—
<

o

L]
<

'_J

(35)
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(We note, immediately, that these terms vanish when ?Ol= 0 --
as expected.) The latter two terms are of order —% agd may
c v
be neglected. However, the first term is of order —%— since
c

1) . . . .
v.( ) is not a function of Ve The time-averaged mechanical

power flow is , as a result,

i 111 1

fg?da[

z (% n.m.v.z) V.] =
r

time average

) (1)

Therefore, in principle, there is an outward flow of mechanical
energy when the dipole oscillates in the presence of a streaming
plasma, although the energy transfer is negligible in the limit
of small streaming velocities. In addition, since the Poynting
flux is accurate only through terms of O( o/c), the expression
(36) is of no use in verification of the conservation laws.

We compare the outward flux of mechanical energy with

the outward flux of electromagnetic energy, as given by the first
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term in equation (33). The time-averaged electromagnetic power

output is

$ aa s = 3 (37)

time average

for small (;?), regardless of whether the plasma is streaming or
stationary. It can be shown that performing the volume inte-
gration on the right hand side of (32), with the fields in (21),
also gives equation (37) for the power input. The additional
flux of mechanical power, as given by equation (36) is O(voe/ce)

and thus negligible. 1

2\2
The case Iw I < PN ub ) is a case of not much interest
(o] i 1

in this context. Both the time averaged radial Poynting flux

(1) |

and the time averaged volume integral of E 53 can be
easily shown from equations (22) and (26) to be identically

zero. No electromagnetic energy is radiated into the plasma.

3.4 Momentum Conservation: The Mechanical

Force on the Dipole

The streaming plasma exerts a mechanical force on the

dipole -- a force which tends to push the dipole "downstream',



in the direction of flow. Let’f be the Maxwell stress tensor:

> -y

¥=]%T[ + BB - T (&°+89)] .

Pl

We may calculate the force which acts on the dipole by enclos-
ing it once again within a sperical boundary surface S and
evaluating the integral §$ - T da over S, where fida is an

outwardly directed element of surface area. We have

A & _ 1 2 . A A A
§§Sn-Tda = = § r° sino de dp (B, (Err+Eee+E(pcp)
A A 1 A 2 2 2
-=rl(E E E
+ B, (Brr + Bge + R@@) STUES" + B + E )
2 2 2
+
+ (]3r + By B )]

This time, in order to perform the areal integration, we must
allow for the fact that the unit vectors 9, 6, and $ are,
themselves, functions of their angular position on the surface

of the sphere. Therefore, we express ?, @, and $ in terms of

38
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the fixed Cartesian unit vectors %, 5, and ﬁ, where § points
in the direction of flow.

o (sing coseg) ¢ + (sind sing) 5 + (coss) &
A A . A . ?
) (cosp cosg) & + (cosh sing) T - (sing)
A .
® = (-sing)1 + (cosp) 3 (39)
Using (39) and the complete field components (21), (23), and
1
(25), we find that for u_ 1 V. and Iw S L
o o ioPs
the time-averaged value of (38) is
2 2(Z 2)
Bo @5 |2 % Ha v
nn L g 1 3
& n.Taa = 2 % (40)
S 6C C
time average

The expression above is equal to the time average of db

at ’
where P is the mechanical momentum of the particles (and the

dipole) plus the electromagnetic momentum of the fields within
the volume of the sphere.

Specifically,



Lo

f—d

dpP
mechanical 1 /= =
T = J; [ oF + > (7 x B)] ax ,

- _ 1 - = 3
Prield = Tmo »rv (E x B) a%x .

But the time average of the time derivative of ?field is zero.
Moreover, (40) is independent of r, the radius of the sphere.
In the limit as r - O, the sphere encloses only the dipole Eo
at the origin; it no longer contains any particles of plasma.
Hence, we may interpret (L40) as the effective mechanical force

which the streaming plasma exerts on the dipole. The force is

parallel to the direction of flow (Figure 4), and it vanishes

-

. = 2 . n .
when either vo =0 or (Z w ) is zero. An equal and

1 Fi
opposite force must be supplied externally to keep the dipole
in place. For Eg parallel to Gg, the force on the dipole
vanishes. The mechanical work per second necessary to drag

the dipole with velocity Vo through a quiescent plasma would

be given by dotting Equation (4O) with Vg.

3.5 Low Freguency Limit: The Penetration Depth when ;5 =0

There is one special case in which the collisional fre-

quencies Vj do play an important role in determining the fields:



1

Zj g;? 2 >>all vy > >y (i.e., the "d.c." 1limit). Equations

(22), (2k), and (26) show that the fields of the dipole fall off

exponentially with distance when

The damping decrement b in these expressions, where
A 1
zw 2 2 2
i Py W,
b =

1 -
2
=
:'mej_

C

applies to the limiting case of a collisionless plasma with the
restriction that ‘ub - el > o >> all Vs before the Vg

j ~ L% o
are set equal to zero. As shown in Appendix F, the damping

decrement with a non-zero collision frequency is

2 w 2
wo D.
@« = = |1-z —E
2
J
c (wo + Vj )
2 v
R %. J
s - 5|y S
] J(w0+\)j)

L1
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Radiation from an Oscillating Magnetic
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Page 2, last line:
Replace word "dipole" with "field" to read as follows:

"magnetic f:Leld is tilted against the direction of
plasma flow.'

Page 9, the line appearing just above equation (5a) should read
as follows:

"for n( ) and VJ(_ ) in terms of E’(l) The result is'".

Page 56:

In the third and fourth lines from the bottom of the page
Appendix A should be substituted for Appendix B to read as follows:

"This is the wave equation, with the expression derived in Appendix

A substituted for the plasma current density :j?P. For conciseness,"
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The preceding expression is applicable to a slowly streaming
plasma when w, > > vj. When w, is smaller than the v, and

the streaming velocity is zero, the damping decrement becomes

o
no
n
=

1 wu Y, 2 w ° “p. vJ'
b=\,—_.2—- I 3

(k1)
This vanishes in the limit as w  goes to zero. Consequently,
the % and —15 terms in the field equations disappear and there
is no longer any exponential damping. In fact, we recover
the B field of a static point magnetic dipole immersed in a
plasma (which is the same as the vacuum field, notice):
2“‘0
B, = r—3— [cos cosq + sing sing cos(p - cpm)]
Ll'O . . ( )]
Be = ; [sing cosp - cosh sing cos(p - @
B = -u—o [sin6  sin(p - @ )] (42)
- m P By :
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The transverse electric field vanishes when w, =0 (as it must)
and the longitudinal electric field disappears when Vg = 0.
We may use equation (41) to derive an expression for the

distance away from the dipole at which the fields are damped to
% of their initial amplitude. For very low frequencies, the

damping decrement is approximately

1
2472

“,

z —d
j V.
J

3

)

It can be shown from the equation of motion and the expression for

the current density that the conductivity o is given approxi-

mately by
&
@p 2
c:%rz—L.
T V.
d
Hence,
© 1
b & — (2no0o) 2 .



We define the depth of penetration, §, as the reciprocal of b,

so that

5 = =

\/ 21 O w,

This is the same as the standard "skin-depth" formula [see,
for example, Jackson (1963)] for waves incident on a good
conductor. The penetration depth is infinite when W, = 0, in

agreement with equation (42), which shows no exponential attenu-

ation.

Ly
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IV. SUMMARY

We have studied the effect of a cold, streaming plasma on
the electric and magnetic fields of an oscillating point magnetic
dipole. We now summarize our results.

First, we find that the streaming plasma does not distort
the magnetic dipole's transverse electromagnetic field for
streaming velocities very much less than the velocity of light.
However, we also find that a longitudinal electric field appears
in the presence of a streaming plasma and that as a result, the
Poynting vector is skewed "upstream", against the direction of
plasma flow. There is an outward flow of mechanical energy
associated with the longitudinal electric field, but the energy
flow is negligible for small streaming velocities. Finally, we
find that the streaming plasma exerts a "downstream'" force on
the dipole. Both the force and the longitudinal electric field
disappear when the dipole axis is parallel to the direction of
flow.

These results are theoretical; they are derived from
Maxwell's equations, a dynamical equation and an equation of

continuity as applied to a point magnetic dipole in a slowly
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streaming plasma. In closing, we should like to propose a
simple experiment which one might perform in order to verify
(or to discredit) our predictions. The experiment we have in
mind is a measurement of the mechanical force which a stream-
ing plasma exerts on an oscillating magnetic dipole. Speci-
fically, one could measure the force required to hold the
dipole stationary when the axis of the dipole is normal to
the direction of flow. The force should vanish when the two

are parallel.
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APPENDIX A

Use of the Dynamical Equations

A.l. Derivation of the Equation of Motion
The covariant edquation of motion for the ith plasma com-

ponent is

d o - 1
— = —_— -+ . = —_—
where T = 30 vi v and \& = =
Vi
-
c
We re-write this equation as
av e V. dy
1 = 1l /- = 1 i
N + = - — —
& T omy; [E c (Vg x B)] v, da - (A1)

The last term on the right hand side of (Al) is small since
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Vi dy; o i (_l_ 7.9
Y, dt Vi2 3/2 2 at
it -2
64
23 v.v. dv
Y i_d_(‘-;\—r»)_YEVii i
- at Vi if T i 2 dt
2c c
v, V., &, vt
= Tz T w T 0 R y (A2)

Therefore, the lowest order approximation to the equation of

motion is simply

dvi e 1 .
T Tny E + S (vi x B) . (A3)
ifi
d?i
If weusubstitute (A3) for = in (A2) and neglect terms of
v,
i

0 el P the result 1is
c

\_f’ d'\{ ;; ;; e -
oS T oy [E+%(ViXB{'
Yi c iY¥i

e, T



Hence, the first order approximation to the equation of motion

is

&y & a1 i o
—_— = + = (v, x B) - El ,
dt m s c i c2

correct up to terms of O (viu/cu). This is equation (1b) in the

text.

A.2. Derivation of QEGJ and ni(l) as Functions of E(l)

(1)

a. First order velocity perturbation, Vﬁ . We solve the

linearized equation of motion (2b) for Vi(l) as a function of E(l).

In (X,t) space equation (2b) is

AV, e v v
311; PP (1)_ - i §(1)+% & x B(l))- ogo 2(1)
iYo c
Fourier transformation (¢ — ik; %E - -ig) gives
e. v v
0@ L 50y 2 gL @ W)y oo 5D
i i o’ myy, c ‘o 2

b9



=(1)
By Faraday's Law ¢ X E'(l)= - 1 3F , or B(l>= < k X E(l)]
c 3t )
in transform space. Hence,
e, v vV
i Vﬁl)[(ﬁzaf)— 0] = —= E(l)+- 2 (¥ x E(l))- =9 . E(l)
i o} m.vy w 2
i'o ¢
Using the identity A x (E xC) = (8 - C)B - (B . B)C, we find
that
oW ooy % e, ez 2z o) Jolo 1)
ivy [(k~v0)-w]—m. E +w k(vo E ))—(vo k)E‘T Y- 5 -E
iYo c
K-V e K.v
iy, (D — o -0 - = F(1)
w iYO W
G
A IR IS NI S
W 0 e
(1) 4

. e d
The sclution for Vi

50
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e, kv w Vv
.‘—;i(l)= - E__lrf_j T + ?ﬁ'ﬂ - = 0 0 ) I_3.(]_)
1% ® (0-EV)  o(o- EF)

which is equation (5a) in the text.

b. First Order Number Density Perturbation ni(l). The

linearized equation of continuity, (2a), is

an.(l)
5 YA ‘71(1) + (v ni<l))' v, = O

After Fourier transformation, the equation becomes

4 (w-E-7) ni(l) + i noi(f{ : x’r’i(l)) =0
Therefore,
L CO I noi(ﬁ ' Vi(l))
b (e-E-7)

We substitute expression (5a) for Vi(l). 'The result is
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(1) °; * k 2 kY ® YV =(1)
ni = m (i(j_)) P i 1+ > — - 2 JEFNEN ) 5
iYo (w-k VO) (w-K VO) c (w-k-vo)

which is equation (5b) in the text.

(1)

A.3. The Plasma Current Density Ep (E,w) as a

Function of _ﬁ(l)(l?,u))

By equation (3) in the text (without 38) ,

gp(l) B f € [noi Vi(l) A rél)]

l(l) and ni(l), using the results of A.2:

2
n e- —_ = _— -
- (1) °; 3 kv, VY
Jp = - Z m i 1+ — — - 2 — —
g MOy (w-k-v_) ¢ (pk-v.)
o o
vk - K v vV
. 0 T + o ¥ 0% ﬁ(l)
- — - 2 — -
(w-k-vo) (w k vo) e (w-k VO)
2
n_ e,
5 o, 1
Since (np = bn - (plasma frequency),

e
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- (1) 1 2 3 1 - o S o
= - - b 1 + (kv +v kJ
P Enflw5yo 1 @Pl (w-k-;g) o o
= —_ — - —
1 2 w(w'k VO) w(k'Vo) N —'(l)
+ o 5 |k - > - > vV .
(w-k vo) c c ° 0o
or
3'(1)=- = (zwg) %-&—l——— K'Y +vV kI
p an iw 5'yo 5 s (w -l_{' ‘70) o) e}
®° - wo/c) 7.7
00 =(1)
+ I . E
(w—k-vo)

(1)

The expression above may be substituted for 3; in the wave

equation; the result is egquation (6) in the text.



APPENDIX B

Use of Maxwell's Equations

B.1. The Wave Equation

We derive a wave equation from the two curl equations of

Maxwell, (lc) and (1d) in the text. These equations are

v XE = -%%%andvx§=%-g%+%3’ Their Fourier

transforms (v —» ik and -g? ~ -iw) are ik x E = 50—09 B and
— i — —

ik X B = - —l(-:- E + % J , respectively. We take the curl

of the first equation (ik X [ ] in k,® space) and substitute

for i]? X § in the second. The result is

c N I TS 1T
ﬁLikx(ikXE)J—-cE+CJ
or
2
N =\ 2 W o Ll-i -
(k - B) ik +x"F = — E + 52§
C C

We re-write this equation as

54
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—

[ T (u? - cgkg) + c2 kk ] - E(l) = - ypgiw]

It is now equivalent to equation (4) in the text, without the

expanded current density.

B.2. The Two Scalar Maxwell Equations
We remark here that it is easily shown from the vector

Maxwell equations and the equation of continuity that

—

o)
(v B)= 0

_(V'E - L#'r{p)ZO,

so that if the scalar equations are satisfied initially, they will

be satisfied for all time, as a consequence of Egs. (la), (lc) and
(1d) alone. We can determine the charge density either from Poisson's
equation or from Eq. (6) when static fields are absent. The latter

procedure is more convenient.
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APPENDIX C

Derivation of ES})(E,uD and E“(l) (X, w)

as Functions of j__ . (X, w) and v,

In this Appendix we carry out the program outlined on

pages 10 and 11 of the text. We begin with equation (6):

-

[T (P - AP + 2wy .« 71

- + i_. [ KV + \70 K]
Yo (u»k-vb) ©
2 — —
(k.2 - U.)2/CL) VOVO —'(l) -
+ > - E = - by iw js
(w-k-v_)

This is the wave equation,with the expression derived in Appendix

B substituted for the plasma current density 3%. For conciseness,

= . g1 _

we write this equation as R - U iu)j;, where R may be

termed the "resistivity" tensor. With the symbolism
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2w 2
A oo 1 i Py
(w-ﬁ-?o) Yo
Sw C 5
1 i B 2w
B = — k- - =
(0-k-v_) Yo c
z wp2
H _ 1 1 ,
YO

C{[FeP -3 )+ PR A (EF + 78 -5y

C.1. Resolution of the Wave Eguation into
Transverse and Longitudinal Components
. . 3 =(1) . - .
First, we write R * E = - b iw Jg explicitly in terms
= (l) b (l) "o "y n .
of EL and Eﬂ , where "1" and "W " mean perpendicular and

parallel to k.
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- af @ -8 - v @)
S R A CARE A D ST |

The equation above is a partial resolution of (6) into components
which are perpendicular and parallel to K. Similarly dividing '70,
V; =V +V , we complete the resolution as follows:

C O_L O“

Transverse Component:

[of - %% - 1] B (1) _ 5 [;g . Efl)] 2

-A [k . Ey ]vo -B[vO-E“



29

Longitudinal Component

R ACEUNC I I AR
- ALk E“(I)J ;gn - B [*g El(l)] v u- B[;g. Eﬂ(l)]_;u

7 (1)

C.2. BSolution of the Transverse Component for ;g- L

Next, we dot the velocity vector 5; into the transverse

component and solve for ;; . ﬁl(l).
(- mv -EM e .8y 2
o i o) 1 o,
- a1y 2ess s B 2 lunie G- F)
o, o u oi L o]

or



where

22 2

D w2 -ck -H-B vO

fl

|
It

Ak + Bv
n

C.3. Solution of the Longitudinal Component for E“(l)

We write a scalar equation for E“(l), since E“
\
‘ — —_
| v 3 .
! On Jsu
2 (1) (1) (1)
[0™ - H] B - A[vou k] E,77 - A[VO“ k] Ey
YA T
Bv 21 C oAy 3@y
o *# o L "
- Lboodw
n
or
(1) - =2 (1) e s
GEy = F(vo E ) =L dw JS“
where G = [u? -H-28kv -Bv 2]

@)y

~l

60



C.4h Simultaneous Solution for E“(l), v o EL(l) and E’L(l)

a. Solution for E“(l). We now have two equations in E“(l)

and Vg . E;(l). The solution for E“(l) proceeds as follows:

Fv,
(1) _ F 0y (1) Ly iw o - b iw
Ey TG D En " - D (Jsl' |- g ¢ s“)
g ()|, F_2v2 _unin(a. ST - uniw(
] GD S B GD SJ. o G S

b. Solution for 7;- E;(l). Next, we use the expression

for E“(l) to solve for VO . B

D[VO.E_L 1 = F[E“ VOJ_ ] - Lbnmiw [JS_L Vo]
- - _bUmiwD G(3 v )+ F (3. v 2)]
[GD-F2v 2] s, o© Sy ©1
O
- = (1) Yrr i [ - - . 2]
. F = e —— G . ) + F
[VO N ] [GD-F2 2] (Js_L Yo (Js“ Vol )

v
o)
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= (1)

c. Solution for EJ_ . Finally, we return to the transverse
component and solve for E'l(l), remembering that F = Ak + BVO :
L}
£ mE® my W CrgM7 - lnied
L o) L o, w o, 5,

2 2 2 = l Ll» i B - — . 2 —
[w-ck-H]EL()+—n—lg—2— G - v)+FG. v. )v
[GD-F°v <] St © Sw O oy
Oy
LPTT iw F - — . — ,+ . -
+ —_2—2 F(JS . VO) + D(JS ) VO = - T oiw Js
[GD-F°v ] 1 N 1 1
Oy
+ -V )4F(D+Bv, ) (g
E (1)_ b i J o+ [ (eesr )(JSL Vo) F(D Bvo )(J°n ] Yo
- 2 2
* [ of-c“k-H] 5, (6D - ¥ v_ ]
L

C.5. Expressions for El(l)(f,uﬂ and E"(l)(k,w) when js“ =0

For j = 0, the solutions above for E
Sy ? 1

become



7 (1) _ Urr iw - 0 O,
L [Wo-cko-H] | “Si [(GD - F° v °]
1
L) iR G - F)
(] -7
[GD - oy 2]

We may make these expressions more meaningful by writing F,

2

BG + F2 and GD - F vO 2 explicitly in terms of W, k, wp and ;5.

1

(1),

The factor F in the numerator of E“

F = Ak + Bv
"
2
o A (zwe)kg-%) v_
N Lo B c n
- - — - - 2
v (w-k-v ) A (urk-Vo)
2
s -
i bt i _ &L
R [k ” V]
O (@]
The symbol B:
>
Ly (° - o/
1 1
B = - \2
Yo (0-K-7 )
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The symbol G:

6L

G=w ~-H - 2Akv - Bv 2
" Oun
2 2
> W 2 Zw 2 (E VO F(QPZ k2- m_E’ v
_ w2 i Ps iPi i7i c n
- — — - g — 2
Yo Y@-E.T) v (w-E-.7)
v 2
2 o
Zw 1- g
2 i pi c
G=uw 1- a2
A (0 - k-v )
Mml. ~ ~ 2' —~ = (l)
The factor BG + F~ in the numerator of El
2 2 2 2
. 2 Yo
‘Zw2 o kg-% Zw ° wk2__w_21_ B
2 i P c i Py c c
BG + F -
s (w - K 3)2 v (w - K \7)H
o) o o) o)
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2 2 2
z wp w ) wp
BG + F2 - 1 1 w2 _ C2k2 _ 1 i
y (o~ E7)°
o o Yo
The symbol D:
D=(1)-c2k2—H-Bv2
O
2 2 2, 2 2 2
T w X w, (c“k™ - w%) vy
2 22 i P i P 1
= W -c'k - -
Y vy (- ET)%
o) o 0
The Factor GD-F2 v 2 in the denominators of E,, (1) and EL(l)
°L 2
v
0
T w (l 2 )
po) 2
- v 2 o= |1 -2 =
Oy v o o (2
0o (w - k.v )
2
(2 wp
. U)2 - C2k2 1 1
Yo
2 2 2
T (c2k2 -w) v (Z Wy ) VO2
w2l i B 2* + Vi 4 L —
—_ = 2 _ — —
Y, (0 - E-7)° ¢ v, (o - kv )" o



V2 V2
@] @]
ol e 5w 1-2“- ;
2 o2 i Py i P c c
= W w -c¢ck - 1 -
y v (0 - B7)°
(] [@] (o]
2 2
Zw > w
2 2.2 i Pi i pl
= ® w -ck - 1 - 3 S
Y, V" (@ - kv )

Using the preceeding results, we finally obtain equations

(7) and (8) of the text:

Lo iw
= (1) ,-
E, " )(k,w) = - 5
Z‘mp
w2_c2k2_ i 1
Yo
T w 2 J v V
3 i Py Sy o o,
Sy T W 2
c2 W - K-v )2 _ i !
Yo o 3
Yo

which is equation (7), and
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which is equation (8).



APPENDIX D

Derivation of Jsource (E,w) for Magnetic Dipole
L

Congider a small current loop of radius a,» with axis paral-
lel to the z axis of an (x,y,z) coordinate system (Figure 1).
The current density is (in terms of the unit basis vectors @r,

A N .
8, 8)

B A

Jg = J, ecp s (r - a )6 (z) ,

where J_ is the loop current and r, p, and z are cylindrical coor-
o

dinates. This expression is equivalent to ES = Jo(gy cos

- gx sin @) 6 (z - a )6 (2), in terms of the fixed Cartesian unit

A A
vectors e and e .
X y

Transform in Space

The spatial transform of the preceding equation is

J

J&) = : ) f rdrdqdze -1 (k%) (e cosep - eX sing) 8 (r- -8, )s (z)
am

i drdopdz 1(kx cosp + k sinw)r-ikzz(g cosp - 8 sing)

§(r - ab)é (z).
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The r and z integrations are easy:

.Ja dz J‘rdr e_l(kx cosg + ky sin @)r - ik, z 5(r - ao)5(z)

aoe—l(kx cosep + ky sineg) a_ .

For the ¢ integration we expand the exponential:

. Joao 21 D
jx) = o) J“O de [1 - i(k_ cosg+ k, sing)ag+ 0(ag)e...]
i
A A
{ey cos@ - & singi
(ﬁa S - A 2 o)
= =i o) f dp [ ( . CO8 p) - e, (k.Y sin® )]+ O(Joao)
2
wfd_a
F(E) = - (030 k, Sy -k &1 + O(Joa];)
(8n°)
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By definition, for gz normal to the current loop,

- . 2
= 1 I =
H | Hm C (JOaO) 'J‘Z
&, ~ 0
J — O
(@]

J a.2 — constant
00

Hence, in the 1limit of a point dipole,

e . uZC A A
J<k>=1(— (k, 8) - (5, 8)

83 yox *

where H still has arbitrary time dependence.



Transform in Time

The temporal transform of p(t) is
20) = Lot -
ple) = 2= [ ate™ U (1) .
We specify a sinusoidal time dependence for the current loop:
u(t) = M, cos wot s

where w, is the external driving frequency. Consequently,

p ()

1]
P,
3

‘J- at eiwt el(_uot + e--lwodC -
2 uo

[6(w - wo> + 5(w + wo)] : "

I
.
1

F(XK,w) for Magnetic Dipole

Therefore, the Fourier transform of the current loop is



I(F,w) - 1:13 (Kx 3] (6 (w-w)+6 (0+a)l

The current density for the magnetic dipole is purely transverse

since

E ° E(E)(D) = 0.
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APPENDIX E

=3

Derivation of Eﬁl) (X,t) and Eﬁl) (X,t):

Separation into Parial Fractions

We wish to find the inverse transforms of equations (7)
and (8) of the text, using equation (9) for 3(K,w). We facilitate

their integration by separating

-1
>z w 2 zw 2
o2 i Py 52 i Py
w- ¢k - (w- kv )" -
Yo o 3
Yo
into partial fractions. Let
l p—tg
2
= ng z @p
1 ] — 1
w - Zi? - = (w - kev )2 - =
Yo ° 3
Yo
Mk + N + Pk + Q
= 2
Z W
Zw P.
22 ip _na 2_1 i
w - cke - i (w - K-¥) 3
Yo v



We will solve for the unknown coefficients M, N, P, and Q.
Polynomial Formation

The equation above is equivalent to

(Mk + N) [932 - 2wk - x?o) + (K - ?o)e]

+ (Px + Q) [0 - %K) = 1

2

pr

l .

where QTE = w2 - L

< 'yo

T

2 2 i Py
and (O = w - y

3 3

YO

Expansion of this expression gives a polynomial in Xk:

2 — — — —_ 2
(MQ3 )k - 20w Mk (k - vo) + Mk (k - vo)
2 — — — 2
+NQ3 - 20N (x vo) + N (k vo)
2 2.3 2 22
+ Pk - PckY o4 oApT - QK = 1

7h
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Solution for the Coefficients
The preceding equation holds for all values of k.

For k = 0O

ciok = 1 -0DNQ (E1)

E- % = lEI‘VC)‘ cos A .

Since all values of K can be reached with k > O and the appro-
priate polar angles, we consider only positive values of k.

Equating coefficients of like powers of k gives the following:

2 2 _

k: MQ3 - 29N v cos ) + FO,” = O (E2)
k2: - 20 M v, cos A + N vo2 cos2 A= Q c2 = 0 (E3)
k: MvZeosi)y - Po = O . (EL)
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Equation (E4) yields

vo 2 2
P = (?;) M cos® A . (E5)

We must now solve (E2) and (E3) for M and N. Using (El) and

(E5) in (E2) and (E3), we obtain
(" + (=) 0032 M M-2yNv cos A = O
1.3 c l:l w o) b4

2 2

cos2 A+ Q 2 02] N = c".

- [2w 012 v cos Al M+ [Ql2 v, X

We solve these equations simultaneously for M and N. From the

first equation

(2w v, cos A) N
M =

v 2
2 0 2 2
[Q3 + (7;) " cos Al

Substitution in the second gives



v
042 2 2 2 2 2
N [QB +(C) 0" cos” AlT - [Le” 0 (
v
2 0,2 2 2
[93 + (—c—-) Ql cos
Therefore, the coefficients M and N are
v
2 o\2 2 2
[Q3 +(C—) Q" cos Al
N =
L
Q
3
2w Vo cos A
M = s
QMD
3
where the denominator D is
2
v Q v
D = 1+2(?O-)2L2cose>\-h(—cg)2
2
Vol v
+ (‘C—) _L\f cos

7
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Equations (El) and (E5) supply the remaining coefficients,

v
(22)2 M cos® A

la]
i

1 2
Q = — [1-N 03 1,

&l

*
in terms of M and N.

" It can be shown that the expressions above for N and Q hold

for all values of k (both k > 0 and k < 0), whereas the expres-
'sions for M and P change sign for k < O. However, we note that

M and P are multiplicative with k in the numerators of the partial
fractions. Hence for all k

Mk = ——;;2“’ (K-¥))
D@
3
V02 - 2w
Pk = (:;) [____E (kev_)] cos™ A
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APPENDIX F

Contour Integration of EE_J‘) (x,t) and E“(l) (X,t):
The Inclusion of Collision Damping

v
For — < < 1, the inverse Fourier transforms of EJ(_l)(E,w)

and ﬁ&l) (¥, w) are

B @) 2 5

w [G(w-u)o) + 5(w+wo)] ei(E-;c.—u)‘t)
(15)

(k +a) (k - a)

i P;

2
Z -—
(1) - L 1 wpl Yo -
Byl (X,6) = e v T X Idwfdk
m
[é(w-wo) + 6(w+u)o)] ei(E-Q—wt)
o , a8
(m T ) (k +8) (k - a)



2 P o

where a2 = g% 1- 5 . These are equations (15) and

c w
(16) of the text. We must integrate over k and w.

F.1 Kk Integration

The K integrands for E’_ED (X,t) and ﬁ,sl)(z,t) are the

same, viz. . 730 -)

(k+a) (k-a)

We perform the k space integration in spherical coordinates,

letting
L (RS om 41 ° 2 1(kx cos o))
[ ak = dg, [ d(cose, ) [ dk <
(k+a) (k-a) o -1 o (k+a) (k-a)

Since the integrand is azimuthally symmetric, integration over

dcpk yields a multiplicative factor 2m. For the ek integration

i(kx cosek)

+1 @ K< e
em [ d(cosek) I dk =
-1 o (k+a) (k-a)
+co 3 -
2 I o X [elkx - e 1kx]
ix

(k+a) (k-a)
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The k integrand is now an even function of kj; hence,

gﬂ f@dk k[eikx _ e—ikx] ) JL I+mdk k[eikx _ e-ikx]
X (k+a) (k-a) e (k+a) (k+a)
=1 (|ZlJ w) s

where x has been written explicitly as Ifl .

We use complex contour integration (Figure 5) and the
residue theorem to evaluate I(Ix‘,w) Some care is required since
the poles of the integrand lie at k = X a on the real axis.

The integral can be made well defined in one of two ways: (i) the
requirement can be imposed that only outgoing waves be present

in the result; or, (ii) a small collisional damping term

—v.V.(l) can be added to the right hand side of Eq. (2b), where

V3 is the (assumed constant) collision frequency for the jth
species.

We choose the latter procedure. Which we use makes little
difference, since we usually deal with the case w > @p. > > all vj’
so the collision frequencies do not appear in the eveniual answers.
But there is one important exception to this: the case all

w, > > all Vs > > w the '"quasi d.c. - case."
J



When either > @ >>all v, or > @ > > all v,
. % P 3 ij o

(-63 < < 1) , the net effect of adding the term - v, i?gl) on the
right of Eq. (2b) is simply to replace the mass m in all the

equations with mj (l + ivj/w). This means that

2
w
b2 L P
iv,
pJ 1+ J
0]
2
w
2 1 2 3
a i _2 w - Z i A4
3 V.
¢ (l + ——1)
w
We re-write the latter expression as
2 2
. . Vi
3.2 = l_ w2 l - Z __.J__. + iU) Z __L.._
2 . 2 2 : 2 2
c J (0™ v.) J o (0™+v.%)
J d -
and set . [ %2 -
= Lty —d
“= 2 2
c J (0™+v.7)
e -
- 2 -
“p
® .
B= —5 1% v .
02 J ((_02+ \)3,2) J_j
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1
Case 1I: |w|>(2.wp2‘)—2— > > all \)J.
3 .

More precisely, we consider the K integration when o is

positive, i.e., when

6o
0 « 2—2'—‘;2‘ < 1 .
J(w+\)j)

. 1/2
Let the (now) complex ol = o +iB = pele , where o = [o/2+ 82]

D

i =
and tang = -(%;then a =|J§'| e 2. But the latter expression is

equivalent to

a=|»l§'

)
cos [-]2; ta.n—l (-g)] + 1 sin [%— t&n-l (‘S)]}

For -B < <1 (with o positive), Ltant (}%) ~ -:éL- (-5) Therefore,

2
1 -1 (B ~ 2a ~
cos [= tan =] = — =~ 1
2
¥ [40'2 + 5211/2
in et @) 7 — & s &

(o2 + B2]1/2



8l

and

= +'i
a |\r5'| 1+i5
For @w > O, B is positive, whereas for @ < O, B 1s negative.
Hence, the complex poles are slightly above or slightly below
the real axis, depending on the sign of w (Figure 5A). By

Cauchy's theorem, for g > O.

. B -
ikx A=l - &) 1]
r+oodk ke upper ., m,el(zal x| . 20
e k+a, k-a contour
-3 o - By|z
I+mdk ke 1kx lower ~ iei@ﬁ?‘x! e ({E) (2a) |X|
= (k+a) (k-a) contour ~ "
Therefore,

I(l) > (up(l;C." w)
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Similarly, when w < O

2 . -
(5w - 25 oF (R

-(vp) (2'%) | x|
I — e
- <.’--u).p |z|

1
Case II: swl2 s |w| > > all v,

Again, to be more precise, we consider a case where g is

. . 2
negative, i.e., where w

D.

T > 1

. 2 2

J (0™+ v.%)

J
. B -1 /By . .

but we still assume thatla < < 1l. Hence, tan (a) is slightly
less than or slightly greater than 180°, respectively, depend-
ing on whether  (and therefore B) is greater than or less than

-zero. As a result

8

cos [% tan™t (-g)] = '——2—3—1— = 2—%14
|[02+ %r]§'

R NI

[o"+ %—?J%\
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and

a ¥ |JE-| é%al+ i

For w (and B) > O, the pole is located just to the right of the
positive imaginary axis at a vertical distance ¢ from the origin,
whereas for @ (and B) < 0, the pole is located just to the left
of the positive imaginary axis at the same distance from the
origin (Figure 5B). Using Cauchy's theorem, we again calculate

T (JXl,w). For w > 0, the two terms of I (|X},w) are

ikx izl 1 [ENE
© ke upper ~ .. ~Wp) | x| : 2
drjwdk k+a) (k-a contour T ome ©
) s . . Bhiz
rmd.k e X lower = . _ ie-(\/’E)lxl el(ﬁ) ‘20/||X|
- (k+a) (k-a) contour = m

so that

I = £
—
X

o -(WHIZ ei(fa) I'z%llﬂ .

€
A
<3

—



It can be shown that for w < O

2 - . -
Ly <-w=|2—£»[ ~IE i) | 2] 1F]

o=

Case III Zw 2 >>all v, > \w‘

As ?g goes to zero and as @ becomes vanishingly small (less

than the vj), the poles lie approximately on the 45° diagonals in

the complex k plane. Therefore,

o2 -(,['-g)li’l i(@)lil

I
w<v< @p I;l

) o (DI o Dz
- < -V < - [;l

F.2. w Integration

The w integration is facilitated by the presence of

delta functions.

1
Case I: ,u), > Zw2 2 > > all v,
o ip- dJd

We break the w integral up into fregquency intervals.

ecuation (15) for Eﬁl) (X,t), we have

In
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+w .
'ro dw [&(w - wo)] we T [Iw S wp('ﬂ,w)]

*‘Io do [8(w + ub)] uﬁ-ium £I-w <-u (Ix),w)] =

-Co

et N e || 1!

sin [(Vﬁ)‘z\ - ubt]

On the other hand, in equation (16) for Eﬁl)(x,t), we must be

careful to avoid integrating over fregquencies within ¢ of
1

5 212

3 Qpi (see Case IV). For the frequency range

+ |e| , the w integration yields

8 -
' , (E wpz) e'%)'?a le

AT e

cos [ (¥) X1 - ubt] . (F3)
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o] R

2
Case II: PN
( j (Dp i )

> lu] >>an vy
J |

Integration over g gives

bn 'i w e'(‘rp-)l}d sin [(G)I%\ |1 ~w_t] (F4)

2(1)

in the expression for E, °, while for ﬁ(l)we have

il

2) ol
i

cos LR | & 1% - w bl (F5)

to b:
1
L 2 2 5 wz\) -
wo gpj wo PJ J
b= T |2 3 -]t | ® R
c 3 (wo + vy ) c 3 (wo + v.T)
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1
Case III:  |T @ |2  >>all vy, > |o |
j Ps J o

J_ 73

We have
b -

2 - = |x|

b i O . b

e sin[ =

Bl =

Izl - o t]
o

after the w integration in (15). Expression (16) vanishes when ;5

goes to zero.

2 i 2 l
Case IV: |% %, 2 - e < o] < [z 2 + ¢
i i Py

i i

In performing the o integration to ogtain (F3) and (F5), we
did not include collisional effects. That is, we did not substitute
mj (1 + ivj/w) for m in the . which appear outside I(|X| , w).
The reason is that we shall pregently consider these expressions in
their collisionless limit, having used the collision frequencies
merely to facilitate the k integration. Strictly speaking, however,
the preservation of an infinitesimally small collision frequency

may be necessary mathematically in order to successfully integrate

over the frequency range defined above.
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The problem here is that our expansion of the denominator
D in Appendix E is invalid. Therefore, for those frequencies
only, we keep D intact and attempt to integrate over w first

instead of over k. Qur @ integrands will be of the form

8wt w)
o] . g
[ dw times £ (K,w) ,
2
(w2 -z w
1 pi

where f(i,w) is some function of K and @. We note immediately

that such an integrand is undefined, i.e., O/O, for frequencies

such that w2 =Zw 2 , since by definition the delta function
i Y3

is zero whenever o # W, and since we have excluded the driving

frequencies from this interval.

Inserting the collision frequencies into the integrand

through the makes the denominator complex so that it does
J L
not vanish as @ passes through (Z @pg 2 . Hence, we may
i Fi

argue that integration over frequencies near the plasma fre-
quency should not affect our results, provided W, is far enough

o) L
removed from > @p 2 .
i Py



F.3. The Collisionless Limit

ol

Case I: ’wo|> (;wg) > > all v,j

In the limit of a collisionless plasma, as vJ. -

(or B - 0), expressions (F2) and (F3) become

2
)"'TT i . g +
— w, sin (a'x, - u)ou)
X
and
2
Zow
hn® (l Py -
5 s cos (alxl - wt)
- o}
X‘ W, -Zw
i Pi
respectively, where
1
. Ewp2 2
. © I
a = s 1 5 .
w

0

92



93

We substitute these results into equations (15) and (16) and

obtain equations (17) and (18) of the text:

—

. . ® L sin (a |X| - wt)
EEl) (X,t) = - = v x = - (17)

C —

|21
2

=(1) = (izwpi v, _ cos(al3] -w,t)
Eg ' (x,t) = 5 > VT VX g l 7]

(“6 - E ubi ) X

(18)

1
Case II: T W 212 > lwol > > all v,
i J

In the collisionless limit, but with the explicit restric-

tion that ,wo, > > all the Vs expressions (F4) and (F5) go over

into

w e sin w t
I o



) (Z ® 2 e-blxl
- i Py

I*" > 5 cos u)ot P
X Zw - Wy
i Pi
respectively, where
1
= 1
z wpg 2 2 72
p= 1272 1 - o
c PN 2
i by

We substitute these results into equations (15) and (16) and

recover equations (19) and (20) of the text.:

- -"ol;'
E,(x,t) = = 7 X - sin wt
|1
. (E w ) cos wot 7 e-blfl
Eu(X,t) = - = v vV Xy o——

e
ﬁs
1
08
——
e

oL

(19)

(20)
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Figure 1.

Figure 2.

Figure 3.
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FIGURE CAPTIONS

A circular loop of source current immersed in a
streaming plasma. The zeroth order plasma flow

L . A A A
vector is Ve The unit vectors €. ey and e,

" form a Cartesian triad with @Z normal to the

plane of the loop; r and ¢ are the corresponding

polar coordinates. The radius of the loop is &,

Coordinate configuration for the electric and
magnetic fields. The Cartesian coordinate sys-
tem (xyz) is fixed in space with its y axis
directed along VO; the xz plane is normal to
the direction of plasma flow. The vector K
represents the magnetic moment of the point
dipole, which is placed at the origin of (xyz).
The polar angle em and the azimuthal angle P
specify the angular orientation of by while
the spherical coordinates r, 8, and ¢ define

the position of an observer.

Poynting vector skew. The dipole is perpendicular
to the plane of the paper (the xy plane of Figure
2), while the plasma flow is parallel to it. The
dark arrows show schematically the direction of
the Poynting vector, §, in the xy plane at vari-

ous points around a contour of constant Ei2. The



Figure 4.

Figures 5A
and 5B

angle 7, which specifies the degree of skew, or tilt,
of § away from the radial direction, is defined

by the expression

2

? ubi)

5 ‘cos @‘ .
w n

o} a

'tanT:

1%

Contours of constant E2 and E“2 (radiation fields).
The dipole 1s perpendicular to the zeroth-order
plasma flow, as in Figure 3. The ellipse schemati-
cally represents a contour of constant E2, where
IEI is the magnitude of the total electric field.
The lemniscate schematically traces a contour of
constant E“2. The contours lie in the "equatorial"
(xy) plane of the dipole. The time-average force

which the plasma exerts on the dipole is

22 02 22 s .
o} o i ubi a E‘
orce 6 CL} ¢

=

Complex integration contours in kK space (Appendix F).

Figure (5A) applies to the case where

ol > [paf) * 7
L
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while Figure (5B) is applicable to

L

2\ 2
(E %1) > |wo| > > all vy

The encircled x's are poles of the k integrands.
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